We consider a class of unstable surface growth models, ∂tz = −∂xJ , developing a mound structure of size λ and displaying a perpetual coarsening process, i.e. an endless time increasing of λ. The coarsening exponents n, defined by the growth law of the mound size λ with time, λ ∼ t n , were previously found by numerical integration of the growth equations [A. Torcini and P. Politi, Eur. Phys. J. B 25, 519 (2002)]. Recent analytical work now allows to interpret such findings as finite time effective exponents. The asymptotic exponents are shown to appear at so large time that cannot be reached by direct integration of the growth equations. The reason for the appearance of effective exponents is clearly identified. PACS. 68 Surfaces and interfaces -81.10.Aj Theory and models of crystal growth -02.30.Jr Partial differential equations
Introduction
In this manuscript we are interested in studying a class of one dimensional growth equations, having the conserved form ∂ t z = F − ∂ x J : the dynamics of the local height z(x, t) of the surface is determined, apart from a trivial constant term F describing the deposition flux, by the processes occuring at the surface, which are all included Correspondence to: Paolo.Politi@isc.cnr.it in the surface current J [1, 2] . Possible noise sources, shot noise first, will be neglected.
The current J may have a plethora of different forms, depending on the details of the atomistic processes [3] .
For Molecular Beam Epitaxy [4, 5] , a widely used technique for growing metal and semiconductor thin films with nanoscale control, one of the most studied equations has the form [1, 5] ∂ t z = −∂ x (u xx + j(u)) (1) where the constant term F has been included in the left hand side by redefining z = z − F t, and u = z x = ∂ x z. It is worth noting that taking the spatial derivative of both sides, we get u t = −∂ xx (u xx + j(u)), i.e. a generalized Cahn-Hilliard equation [6] . Without the double derivative (−∂ xx ) we get the corresponding non-conserved models, called generalized real Ginzburg-Landau (or Allen-Cahn) equation [6] :
The linear stability analysis of the flat interface, z = z 0 + ǫ exp(ωt + iqx), can be easily applied to Eqs. (2, 3) giving
so that an instability appears (i.e. ω(q) > 0 for some q) if j ′ (u = 0) > 0. Without loss of generality, we may assume j ′ (0) = 1. The steady states, determined by the equation
, correspond to the trajectories of a (fictitious) particle moving in the potential V (u) = du j(u) = 
Numerics vs Analitics
In a previous paper on this journal [8] , we studied the class of α−models defined by the currents
corresponding to the potentials
It is straightforward to check that V (u) has a negative minimum in u = 0 and goes to zero for large u, as V (u) ∼ On the other hand, in Ref. [6] it has been recently shown that the coarsening law λ(t) can be extracted from the relations
In Eqs. (8, 9) , all the quantities refer to the periodic steady states u(x+λ) = u(x), satisfying the equation u xx +j(u) = 0: A is the amplitude (the maximal positive value of u(x)); λ is the oscillation period; J is the action variable, defined by J = dx u 2 x , and I = dx u 2 .
For large A, we can split the motion of the fictitious particle in the potential V (u) in a region close to the origin, |u| < A 0 , and in the symmetric regions A 0 < |u| < A.
A 0 is choosen so that in the regions |u| > A 0 , j(u) and
V (u) can be approximated by their asymptotic expres-
Since V (A) goes to a constant for diverging A, the motion of the particle in the small u region does not de- If we replace these relations in Eq. (8), we get a constant coarsening exponent, n = 1 4 , for the conserved models. This is in constrast with the numerical results obtained in [8] : n = 1 4 for α < 2 and n = α/(5α − 2) for α > 2. The rest of the paper is devoted to understand the origins of this discrepancy (therefore, we will limit to α > 2).
The origin of the effective exponents
First of all, let us determine numerically λ(t) from Eq. (8) at all times. Results for α = 3 are shown as circles in Fig. 1 (main). The direct integration of the growth equation was performed in Ref. [8] up to λ ≈ 10 2 . A numerical fit in this region (dashed line) gives an effective esponent n = 0.231, which is in perfect agreement with such simulations and with the relation n = α/(5α − 2). Conversely, a fit in the asymptotic region (full line) gives n = 0.25, as expected.
Before we proceed, we must explain how the formula n = α/(5α − 2) comes from. In Ref. [8] we found analytically the coarsening law for the non-conserved α−models by perturbation theory, whose results agree with Eq. (9), i.e. n = 1 2 for α < 2 and n = α/(3α − 2) for α > 2. After that, we assumed that passing from the non-conserved to the conserved models were 'equivalent' (as for the coarsening exponent) to scale the operator (−∂ xx ) in Eq. (2) as 1/λ 2 , so that we assumed
If we focus on our exact relations (8, 9) , this relation would imply
i.e. I/λ 2 ∼ J. Since J is actually constant for α > 2, the formula n = α/(5α − 2) would be correct if (I/λ 2 ) were constant as well. In the inset of Fig. 1 we plot the numerical results for I/λ 2 vs λ: for very large λ, I/λ 2 ∼ λ −1/3 decreases, but for λ ≈ 10 2 it has a maximum. In other words, in the region of wavelengths which can be reasonably investigated with the direct integration of the growth equation, the quantity I/λ 2 is approximately constant, which implies n ≈ α/(5α − 2).
In order to support the idea that the origin of the effective exponents is indeed the maximum in I/λ 2 , in Fig. 2 we also plot the two other relevant quantities appearing in Eq. (8), j(A) and dλ/dA: none of them has any special behaviour for small λ. 
Conclusions
In order to access the asymptotic scaling region reported in Fig. 1 for the conserved model with α = 3, a direct integration of Eq. (1) would require astronomically long CPU times due to the required chain length L and to the integration time t. Since the correct scaling sets in for λ > 2000 (see Fig. 1 ), it would be necessary to consider a chain of length L ∼ 10 4 and to integrate for times t ∼ 10 15 .
In our previous published results [8] , we integrated In particular, we have verified that results of quality com-parable with those reported in [8] can still be obtained by increasing the time step up to four times, while the integration scheme becomes rapidly unstable by considering a coarser space grid. As a matter of fact, we cannot expect to lower the CPU time more than a factor ∼ 10, which renders still unfeasible to reach the requested times needed to observe the asymptotic exponents.
In conclusion, the class of conserved α−models, defined by Eqs. (2, 6) , displays perpetual coarsening, λ ∼ t n , with an asymptotic exponent n = 1 4 not depending on α.
For α > 2 this law appears at extremely large times, which can not be attained with a direct simulation of the growth equation. The numerical integration of the dynamics gives an effective exponent n = α/(5α − 2), whose appearance is due to the fact that the quantity I/λ 2 , instead of decreasing as a power law, is approximately constant for not too large λ.
